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Abstract—This paper presents a distributed finite-time con-
sensus protocol for a group of cloud-connected Euler-Lagrange
systems with the presence of disturbances. The consensus protocol
is designed by using nonsingular terminal sliding-mode-based
consensus surface vectors combining position and velocity error
vectors. The consensus error states use the position and velocity
signals of the local and neighbouring Lagrange systems. The ro-
bust adaptive learning algorithm is used to learn and compensate
for bounded disturbances associated with parameters and other
external disturbance disturbances. Nonsingular terminal sliding
mode and Lyapunov theory are used to show the convergence
analysis of the proposed protocol. The convergence analysis uses
Laplacian matrices and Graph theory to show that the states
of a group of nonlinear follower Lagrange systems can reach
an agreement by sharing their states to track the states of the
leader Lagrange system in finite time. The proof of convergence
has three parts. First, analysis shows that the consensus error
states are continuous and the parameters are continuous and
bounded by compact sets. Second, it shows that the sliding mode
motion occurs for each Lagrange system in finite time. Third,
convergence analysis shows the finite-time consensus tracking of
the position and velocity consensus error states. The design and
analysis do not use the exact bound of the disturbances associated
with the follower Euler-Lagrange systems. The nonsingular
terminal sliding mode-based finite-time consensus protocol can
provide faster and more robust convergence against disturbances
as opposed to the asymptotic consensus protocol.

I. INTRODUCTION

Over the past years, there has been a great deal of
research interest in developing distributed coordination pro-

tocols for the formation and tracking of a group of linear
and nonlinear systems. Most recent reported results in this
area can be traced from the literature, e.g., [1]-[13], [15]-
[26], and references therein. A distributed coordination control
algorithm has also been applied for highly uncertain Euler-
Lagrange systems. The reported designs can be classified
into two categories asymptotic/exponential and finite-time
convergence-based distributed coordination control algorithms.
In asymptotic convergence, the systems can share their state
information such that the systems can perform the desired
task cooperatively as the time goes to infinity. In finite-time
protocol, the systems states can share their information and
achieve the desired task cooperatively in finite-time.

In recent years, the consensus-based protocol has also
been used to develop distributed control protocols for leader-
follower and leaderless multiple Euler-Lagrange systems. Re-
cent results in consensus-based coordination protocol designs
for Euler-Lagrange systems can be found in [28]-[31]. The vast
majority of the reported consensus-based distributed coordina-
tion protocols can ensure asymptotic convergence. However, in
some practicable applications, such as disaster response, target
surveillance, industrial manipulation, and other cooperative
tasks, the consensus among Euler-Lagrange systems may
require high performance and more precision coordination
control to guarantee faster and finite-time convergence of the
closed-loop systems. To ensure a finite-time convergence, the
nonsingular terminal sliding mode (NTSM) based finite-time



consensus protocol can be designed for a group of cloud-
connected Euler-Lagrange systems. Finite-time consensus pro-
tocol allows the systems to share their state’s information and
achieve the desired task cooperatively in a finite time. In our
view, very few NTSM-based finite-time consensus protocols
have been reported for Euler-Lagrange systems in the presence
of disturbances. Therefore, this work introduces an NTSM-
based consensus protocol to solve the finite-time tracking
control problem for a group of connected Euler-Lagrangian
systems with the presence of disturbances.

In this work, the main goal is to develop nonsingular
terminal sliding mode-based finite-time consensus protocols
for a group of connected Euler-Lagrange systems against dis-
turbances. The protocol for each Lagrange system is developed
by comprising a nonsingular terminal sliding mode surface
with robust adaptive learning algorithms. The consensus sur-
face is constructed by combining the position and velocity
signals of the local and neighbouring Lagrangian systems.
Adaptive learning algorithm introduces learning and adapts
with the bounded disturbances associated with Lagrangian
systems. The protocol design and convergence analysis are
presented with the help of Lyapunov, NTSM and adaptive
control theory. The convergence analysis ensures finite-time
consensus property on the sliding mode surface provided
that the interaction communication topology has a directed
spanning tree. The analysis has three parts. The analysis first
proves that the consensus error states for a group of cloud-
connected leader-follower Lagrangian systems are continuous
and bounded provided that the parameters are bounded over
the given compact sets. Then, the analysis shows that the
sliding mode motion takes place for each Lagrange system
in finite time. Finally, the analysis ensures that the position
and velocity consensus error states of the leader-follower
Lagrangian systems can achieve finite-time consensus tracking
properties. The protocol design and analysis do not use the
exact bound of the disturbances associated with modelling
errors and other external disturbances. The consensus protocol
based on NTSM can ensure robustness and faster convergence
properties as compared with other consensus-based protocols.

The rest of the paper is organized as follows. Section
II provides assumptions, lemmas and definitions related to
Laplacian and Graph theory for interaction model among
Lagrange systems. Section III presents the dynamical model,
property and assumption of the nonlinear Lagrange system.
Section III also presents protocol design and convergence
analysis. Finally, the paper is concluded in section IV.

II. DEFINITION, LEMMAS, ASSUMPTIONS

The NTSM-based consensus protocol design uses Graph
and Laplacian theory to model the information exchange
between Lagrangian systems. So, this section provides a brief
review of the graph and Laplacian theory and can be traced
from [1], and references therein. First, it is assumed that there
exist N connected Euler-Lagrangian systems that lie to a finite
set ℓL = {1, ...., N}. The information exchange topology
between N Lagrangian systems can be modelled by a weighted

graph as R = {V,E,A} where V = {vi, i ∈ ℓL} is the set of
nodes. E ⊆ V × V describes the set of edge and A defines
the weighted adjacent matrix of the graph R with nonnegative
elements aij . The Laplacian matrix can be computed as

L = Bl −A (1)

where Bl = diag{bl1, ..., blN} with bli =
∑n

j=1 aij =∑
j∈Oiaij

and Oi = {j | (vi, vj) ∈ E}. The information
exchange between leader and follower Lagrange system can
be defined by matrices B = diag(z1, ...., zN ) with zi > 0 [1].
The NTSM-based consensus design and convergence analysis
will use the following Lemmas.
Lemma 1[14]: For nonlinear system ẋ = fl(x) with fl(0) = 0,
there exists a continuous and differentiable Lyapunov function
VL(x) closed to a neighborhood of the origin such that VL(x)
is positive definite and V̇L(x) ≤ −glV

ca
L (x) with gl > 0 and

0 < ca < 1. Then, the origin is locally finite-time stable and
VL((x)(t)) reaches to zero at finite-time t∗F ≤ VL(0)(1−ca)

gl(1−ca)
and

VL(x(t)) = 0 for all t ≥ t∗F .
Lemma 2[13]: It is assumed that the graph has a directed
spanning tree only when it has at least one node with a directed
path to all other nodes.
Lemma 3[13]: When v1, ..., vN ≥ 0 and 0 < b ≤ 1, then( N∑

i=1

vi

)b

∥ ≤
N∑
i=1

vbi (2)

III. CONSENSUS PROTOCOL DESIGN FOR LAGRANGIAN
SYSTEM

In this section, we develop an NTSM-based finite-time con-
sensus protocol for leader-follower Euler-Lagrangian systems
with the presence of disturbances. We first define a dynamical
model for a leader Euler-Lagrangian system by the following
equation

Mo(qo)q̈o + Co(qo, q̇o)q̇o + To(qo) = uo (3)

where q̈o ∈ ℜn, q̇o ∈ ℜn, qo ∈ ℜn are the acceleration, veloc-
ity and position vector, Mo(qo) ∈ ℜn×n is the symmetric and
uniformly positive definite inertia matrices, Co(qo, q̇o)q̇o ∈ ℜn

is the coriolis and centrifugal loading vector, To(qo) ∈ ℜn

is the gravitational loading vector, uo ∈ ℜn is the applied
control input vector. The dynamical model for a class of Euler-
Lagrangian system can be expressed as

Mi(qi)q̈i + Ci(qi, q̇i)q̇i + Ti(qi) = τi + di (4)

where, i ∈ ℓL, q̈i ∈ ℜn, q̇i ∈ ℜn, qi ∈ ℜn are the acceleration,
velocity and position vector, Mi(qi) ∈ ℜn×n is the symmetric
and uniformly positive definite inertia matrices, Ci(qi, q̇i)q̇i ∈
ℜn is the coriolis and centrifugal loading vector, Ti(qi) ∈ ℜn

is the gravitational loading vector, τi ∈ ℜn is the applied
control input vector. The motion dynamics (4) can also be
rewritten with disturbances as

Mia(qi)q̈i + Cia(qi, q̇i)q̇i + Tia(qi) = τi +Di (5)



with Di = (di −∆Mia(qi)−∆Cia(qi, q̇i)−∆Tia(qi)). For
design and analysis, the motion dynamics (5) are re-written in
the following global compact form

MaQ̈+ CaQ̇+Ga = τ +D (6)

where Q = [qT1 , ..., q
T
N ]T , D = [DT

1 , ...,DT
N ]T , Ma =

diag[M1a, ...,MNa], Ca = diag[C1a, ..., CNa], Ga =
diag[T T

1a, ..., T T
Na]

T and τ = diag[τ1, ..., τN ]T .
The design and analysis of the proposed distributed protocol

are required to satisfy the following properties and assump-
tions.
Assumption 1: The input of the leader-Lagrangian system is
continuous and bounded as

∥uo∥ ≤ βo < +∞ (7)

Assumption 2: The disturbances associated with the follower
Lagrangian systems Di is bounded and satisfy the following
inequality.

∥Di∥ ≤ αdi (8)

with αdi > 0.
Assumption 3: The position and velocity of the leader-
Lagrangian system is continuous and bounded.
Property 1: The inertial matrices Mia is a symmetric, positive
definite and bounded as m1i ≤ ∥Mia∥ ≤ m2i with m1i > 0
and m2i > 0.
Property 2: There exists positive constants kgi such that the
gravity vectors are bounded as ∥Tia∥ ≤ kgi.
Property 3: The matrices Cia are bounded as ∥Cia∥ ≤ kci∥q̇i∥
with kci > 0.
Property 4: The inertial matrices Mo is a symmetric, positive
definite and bounded as m1o ≤ ∥Mo∥ ≤ m2o with m1o > 0
and m2o > 0.
Property 5: Since the position and velocity states of the leader-
Lagrange system is continuous and bounded, then the matrices
Co are also bounded as ∥Co∥ ≤ kcoq̇o ≤ kcoαqo with kco > 0
and αqo > 0.
Property 6: Then gravitational loading vector for the leader
Lagrange system is bounded as ∥To∥ ≤ αgo with αgo > 0.

A. Main Results-Design and Convergence Analysis

This subsection develops the distributed protocol for a group
of connected Euler-Lagrangian nonlinear systems to achieve
finite-time consensus property. For the design, the position and
velocity of the leader-Lagrangian system are only available
to its neighbouring follower Lagrangian systems. The goal in
finite-time consensus is to show that, for any initial conditions,
there exists a finite-time t∗F such that the states of a group of
connected follower Euler-Lagrangian systems can share their
states and reach an agreement to achieve finite-time tracking
as

lim
t→t∗F

∥1n ⊗ qo(t)−Qi(t)∥ = 0

lim
t→t∗F

∥1n ⊗ q̇o(t)(t)− ˙Qi(t)∥ = 0

Using local neighbourhood position and velocity information,
it is possible to design consensus tracking error for the i-th
Lagrangian system as

ξpi =

N∑
j=1,j ̸=i

aij(qi − qj) + bi(qi − qo) (9)

ξvi =

N∑
j=1,j ̸=i

aij(q̇i − q̇j) + bi(q̇i − q̇o) (10)

The consensus tracking error functions for the whole La-
grangian networks can be written in compact column stack
vectors as

E1 = ((L+B)⊗ Im) (1⊗ qo −Q) (11)

E2 = ((L+B)⊗ Im)
(
1⊗ q̇o − Q̇

)
(12)

with E1 = [ξp1, ..., ξpN ]T , E2 = [ξv1, ..., ξvN ]T , Q =
[q1, ..., qN ]T and Q̇ = [q̇1, , ..., q̇N ]T . The time derivative of
(11)-(12) can be written as

Ė1 = E2 (13)

Ė2 = ((L+B)⊗ Im)
(
1⊗ q̈o − Q̈

)
(14)

Now, we define the NTSM-based consensus surface for the
i-th leader-follower Lagrangian system as

si = ξpi + αoe
β
2iSgn(ξvi) (15)

with i ∈ ℓL, αo > 0 and 1 < β < 2. The NTSM dynamics
can be written in the following compact form.

S = E1 + αoE
β
2 Sgn(E2) (16)

with S = [s1, s2, ...., sN ]T . Now, take the derivative (16) and
then use (14) to derive Ṡ as

Ṡ = E2 + αoβdiag(E
β−1
2 t)

[
((L+B)⊗ Im)

(
1⊗ q̈o

−Q̈
)]

(17)

Then, the main result for this paper is presented by the
following Theorem 1.
Theorem 1 : Consider a group of cloud-connected leader-
follower Euler-Lagrangian systems (17) satisfying assump-
tions 1-3, properties 1- 6, and lemmas 1 to 3. Then, there
exist nonsingular terminal sliding vectors (16) and protocol
(22) with estimates (23) such that the parameter estimates are
bounded and all the states of the followers Euler-Lagrangian
systems can reach an agreement and achieve finite-time con-
sensus property on the NTSM based consensus surface.
Proof: The proof of Theorem 1 can be shown by three parts
[26]. The first part proves that the sliding surface is bounded
provided that the parameter estimates are continuous and
bounded. This also ensures the upper boundedness property of
the parameter estimation errors. To prove that, the following
Lyapunov function candidate is chosen.

V1 =
STS

2
+

Θ̃T
1 Γ

−1
1 Θ̃1

2
(18)



where Θ̃1 = Θ1 − Θ̂1, Γ−1
1 is a symmetric, positive-definite

and constant diagonal stack matrices Γ−1
1i , Θ1, Θ̃1 and Θ̂1 are

the column stack vector of Θ1i, Θ̃1i and Θ̂1i ∀i ∈ ℓs. Take
the derivative (18) along the trajectory of (17). Then, V̇1 can
be derived as

V̇1 = ST

[
E2 + αoβdiag(E

β−1
2 )

(
((L+B)⊗ Im)

(1⊗ q̈o − Q̈)

)]
+ Θ̃T

1 Γ
−1
1

˙̃Θ1 (19)

Using properties 4-6 and assumptions 1 & 3, the term 1⊗ q̈o
in (19) can be derived as∥∥∥∥1⊗M−1

o (−Coq̇o − To + uo)

∥∥∥∥ ≤
[(

αmokco

αqo + αmoαgo + αmoβo

)]
≤ γl (20)

where ∥M−1
o ∥ = αmo, γl = αmoαl and αl = (kcoαqo+αgo+

βo). In view of properties 1-3, and assumption 2, the term Q̈
in (19) can be expressed as

∥∥∥∥M−1
a (CaQ̇+Ga − τ −D)

∥∥∥∥ ≤ αm

(
kca1∥Q̇∥+ kca2kg

+αd − τ

)
≤

(
αmkca1∥Q̇∥+ αmkca2 + αmkg + αmαd

−αmτ

)
≤

(
δ1∥Q̇∥+ δ2 − αmτ

)
(21)

with ∥M−1
a ∥ = αm, αm > 0, ∥Q̇∥2 ≤ a1Q̇ + a2, a1 > 0,

a2 > 0, δ1 = αmkca1, δ2 = (αmkca2 + αmkg + αmαd).
Then, using (20)-(21) together with Kronecker product, V̇1

can be written as

V̇1 ≤ ST

[
E2 + αoβdiag(E

β−1
2 )

(
∥ (L+B) ∥

(YlΘ1 − αmτ)

)]
+ Θ̃T

1 Γ1
˙̃Θ1 (22)

where Θ1 = γL, δ2]
T with γL = (γl + δ2) and Yl =

[∥Q̇∥ sign(S)]. Now, using the following protocol together
with adaptive learning laws

τ = α−1
m

(
(αoβ)

−1∥ (L+B) ∥−1∥diag(E(2−β)
2 )∥+

YlΘ̂1 + kL∥S∥
)

(23)

˙̃Θ1 = −Γ1αoβYT
l ∥ (L+B) ∥∥diag(E(β−1)

2 )∥∥S∥ (24)

V̇1 can be written as

V̇1 ≤ −ηy∥S∥2 ≤ 0 (25)

where ηy = min

{
kLαoβ∥diag(E(2−β)

2 )∥∥ (L+B) ∥
}

with

∥E2∥ ̸= 0. Now, using (25), one can conclude from the
Lyapunov theorem that all the signals of the leader-followers
Lagrangian closed loop systems are bounded. The parameter

estimates are also bounded provided that there exist positive
constants Θ∗

1 such that Θ̂1 ≤ Θ∗
1. This ensures the upper

bounded property stated in the first part.
The second part proves that the sliding motion is achieved as

S = 0 within a finite time. To do that, the following Lyapunov
function candidate is selected.

V2 =
1

2
STS +

Θ̃T
1 Γ1oΘ̃1

2
(26)

where Γ1o is a symmetric, positive definite, and constant
diagonal stack matrices Γ−1

1oi. Now, using protocol (23)-(24),
V̇2 can be written as

V̇2 ≤ −ηy∥S∥2 + ∥S∥αoβ∥diag
(
Eβ−1

2

)
∥∥ (L+B) ∥

YlΘ1 − STαoβ∥diag
(
Eβ−1

2

)
∥∥ (L+B) ∥YlΘ̂1

−Θ̃T
1 Γ1oΓ1αoβYT

l ∥ (L+B) ∥∥diag(E(β−1)
2 )∥∥S∥

(27)

Equation (27) can be re-written as

V̇2 ≤ −ηy∥S∥2 − ∥S∥αoβ∥diag
(
Eβ−1

2

)
∥∥ (L+B) ∥

Yl (Θ
∗
1 −Θ1) + ∥S∥αoβdiag

(
Eβ−1

2

)
∥ (L+B) ∥

Yl

(
Θ∗

1 − Θ̂1

)
−
(
Θ∗

1 − Θ̂1

)
Γ1oΓ1αoβYT

l

∥ (L+B) ∥∥diag(E(β−1)
2 )∥∥S∥ (28)

Now, using ξF = αo∥ (L+B) ∥β∥diag
(
Eβ−1

2

)
∥ and AF =

Γ1oΓ1αo∥ (L+B) ∥βYT
l ∥diag(E

(β−1)
2 )∥∥S∥, V̇2 has the fol-

lowing form.

V̇2 ≤ −ξFYl (Θ
∗
1 −Θ1) ∥S∥ − (AF − SξFYl)(

Θ∗
1 − Θ̂1

)
(29)

Equation (29) can also be written as

V̇2 ≤ −
√
2ξFYl (Θ

∗
1 −Θ1)

∥S∥√
2

−

√
2Γ1o

(
(AF − SξFYl)

)(
∥Θ∗

1 − Θ̂1∥
)

√
2Γ1o

(30)

Define A = ξFYl (Θ
∗
1 −Θ1) and B =

√
Γ1o (AF − SξFYl).

Then, V̇2 can be simplified as

V̇2 ≤ −
√
2A∥S∥√

2
−
√
2B

(
∥Θ∗

1 − Θ̂1∥
)

√
2Γ1o

(31)

Then, using Z = min {A,B}, one can write V̇2 in the
following simplified form.

V̇2 ≤ −
√
2Z

(
∥S∥√

2
+

(
∥Θ∗

1 − Θ̂1∥
)

√
2Γ1o

)
(32)

Now, by choosing Θ∗
1 > Θ1, ∥Γ1o∥ < ∥Γ−1

1 ∥, one has A > 0,
B > 0, Z > 0. Then, applying Lemma 3 and (26), V̇2 can be
simplified further

V̇2 ≤
√
2ZV

1
2
2 (33)



For E2 ̸= 0, the bound on ∥diag
(
Eβ−1

2

)
∥ > 0. In view of

Lemma 1, Lemma 2, and Z > 0, one can state that the states of
the closed systems for a group of connected Lagrange systems
under the proposed consensus protocol can reach the sliding
surfaces S = 0 in finite-time relying on the initial states S(0)
with the presence of bounded disturbances. The finite-time can

be manipulated
√
2V2(0)

1
2

Z .
In part 3, we show that the states of the follower Lagrange

systems can achieve consensus tracking in finite time on the
sliding mode surface with bounded disturbances and remain
there for all time. To show that, the following Lyapunov
function candidate is chosen.

V3 =
ET

1 E1

2
(34)

Now, on the sliding surface S = 0, one can write

E2 = −αβ
oE

1
β

1 (35)

Then, the time derivative of V3 can be written as

V̇3 = −αβ
oE

T
1 E

1
β

1 (36)

Now, applying

ET
1 E

1
β

1 =

N∑
i=1

m∑
j=1

(ξp1ij)
2

(β+1)
2β (37)

V̇3 can be written in the following compact form

V̇3 ≤ −αβ
o2

(β+1)
2β V

(β+1)
2β

3 (38)

Then, using β < 2, it can be stated that there exists a finite

time depending on the initial states with to >
√
2V2(0)

1
2

Z such
that the errors E1 will converge to zero in finite time.

Since E1 converges to zero, then, using Lemma 2, one can
also state that E2 converges to zero in finite time. This means
that the velocity states Q̇ for a group of Lagrange systems
can converge to the velocity states of the leader Lagrange
system 1 ⊗ q̇o in finite-time. Then, using Lyapunov theory,
one can conclude that the position states for a group of
connected Lagrange systems Q can track the position states
of the leader Lagrange system 1 ⊗ qo in finite-time provided
that the adaptive learning laws for parameters are bounded for
the given compact sets.
Remark 1: The estimates Θ̂1 (23) may exhibit discontinuity.
To ensure smooth parameter estimates, the estimates Θ̂1 (24)
can be adjusted with the smooth parameter projection scheme
˙̂
1Θk = [Proj(Θ̂1,Φ)]k [27].

Remark 2: The design uses sgn(.) function which may gen-
erate a chattering phenomenon. To attenuate the chattering
phenomenon, one can estimate the sgn(.) by using sat(.)
function. The sat(.) is considered to be a bounded saturation
function that satisfies

sat (si) =

 −1 si < −b
si
b |si| ≤ b
1 si > b

By using sat(.), it is also possible to guarantee the finite-time
convergence as derived in Theorem 1 [26].

IV. CONCLUSION

In this paper, an NTSM-based finite-time consensus tracking
protocol has been presented for a group of connected Euler-
Lagrangian nonlinear systems. The protocol design used non-
singular terminal sliding mode-based consensus surfaces that
are comprised of the position and velocity signals of the local
and neighbouring Lagrangian systems with directed interaction
topology. The protocol design and convergence analysis have
been given by using Lyapunov and nonsingular terminal
sliding mode control theory against disturbances associated
with the unmodeled dynamics and other external disturbances.
The analysis has three parts. The first part of the analysis
proved that the error states of the closed-loop leader-follower
Euler-Lagrange systems with the presence of disturbances are
bounded by constant over the given compact sets. The second
part showed that the sliding mode motion occurred for each
Lagrangian system in finite time. The third part ensured finite-
time consensus convergence of the position and velocity error
states provided that the interaction topology has a directed
spanning tree. The design and convergence analysis does
not demand the exact bound of the disturbances associated
with the modelling errors and other external disturbances. In
contrast with the asymptotic consensus protocol, the NTSM-
based finite-time consensus protocol can ensure faster and
more robust state convergence with the presence of bounded
disturbances.
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